A manifestly N=2 supersymmetric completion of the four-dimensional Born-Infeld action, which is self-dual with respect to electric-magnetic duality, is found in terms of an abelian gauge N=2 superfield strength W in the conventional N=2 superspace. A relation to the known N=1 supersymmetric Born-Infeld action in N=1 superspace is established, and a connection to the D-3-brane effective action is briefly discussed.
The Born-Infeld (BI) action in the four-dimensional spacetime with a metric g µν ,
was originally suggested [1] as a non-linear version of Maxwell theory with the abelian vector gauge field strength F µν = ∂ µ A ν −∂ ν A µ . The BI action also arises as an effective action in open superstring theory (together with other massless superstring modes) [2] , and as a part of D-3-brane effective action too [3] . In string theory b = 2πα ′ , whereas we take b = 1 is our paper for notational simplicity. In a flat spacetime the BI lagrangian takes the form
where η µν is Minkowski metric, and we have used the notation
The leading terms explicitly written down on the r.h.s. of eq. (2) agree with the Euler-Heisenberg (EH) effective lagrangian in a supersymmetric scalar QED with the parameter b 2 = e 4 /(24π 2 m 4 ) [4] .
For a later use, let's also introduce complex combinations of F µν and its dual F µν ,
which satisfy the identities (F ± ) 2 = 1 2 (F 2 ± iF F ) , and 4(F + )
A lagrangian magnetically dual to the BI one is obtained via the first-order action
where A µ is a (dual) magnetic vector potential. A µ enters eq. (6) as the Lagrange multiplier and thus enforces the Bianchi identity ε µνλρ ∂ ν F λρ = 0. Varying eq. (6) with respect to F µν instead, solving the resulting algebraic equation for F µν as a function of A µ and substituting a solution back into eq. (6) yields a magnetically dual BI action which has the same form as in eq. (1), but in terms of the magnetically dual field strength [5, 6] . The easiest way to check it is to take advantage of the Lorentz invariance of the BI action (1) by putting F µν into the form
in terms of its eigenvalues (f 1 , f 2 ), and similarly for * F µν = 1 2 ε µν λρ ∂ λ A ρ in terms of its eigenvalues (λ 1 , λ 2 ). It is now straightforward to verify that for a first-order [7] . This remarkable (electric-magnetic) self-duality property of the BI action is intimately connected to a non-perturbative SL(2, Z) symmetry of the type-IIB superstring theory and its D-3-brane effective action [7] . The non-gaussian BI lagrangian (1) seem to be uniquely fixed by the electric-magnetic self-duality requirement alone, when one insists on the correct (Maxwell) weak field theory limit. In general, there exists a family of self-dual lagrangians parameterized by one variable, with all of them being solutions to a first-order Hamilton-Jacobi partial differential equation in non-linear electrodynamics [6] .
One expects that 4d supersymmetry should be compatible with the electricmagnetic self-duality of the BI action (1) since the electric-magnetic diality transformations commute with spacetime symmetries. It turns out to be the case indeed, after promoting the abelian vector field A µ to a vector supermultiplet and supersymmetrizing both the BI action and its duality transformations (see below). As a preparation for a supersymmetrization of eq. (1), let's note the identity
where we have introduced F 4 ≡ F µν F νλ F λρ F ρµ and used another identity
The BI action in any dimension d can also be put into a slightly different form [7] ,
where the auxiliary field Λ has been introduced [7] . However, eq. (10) does not seem to be a good starting point for a supersymmetrization in d = 4 spacetime dimensions. Instead, let's define
which essentially represent the Maxwell limit of the BI action and the square of the Maxwell energy-momentum tensor, respectively, and rewrite eqs. (8) and (2) to
and
where the function Y (A, B) is a solution to the quadratic equation
It is not difficult to check that
does satisfy the defining eq. (13).
A manifestly N=1 supersymmetric completion of the bosonic four-dimensional BI theory (2) is known [8, 9] , whereas we want to find an extended version of the BI action with linearly realized N=2 supersymmetry. The corresponding action can be most easily found in the conventional N=2 superspace parameterized by the coordinates
αi , in terms of a restricted chiral N=2 superfield W representing the N=2 supersymmetric abelian gauge field strength [10, 11] . The N=2 superspace approach automatically gives rise to a manifest (i.e. linearly realized) N=2 extended supersymmetry. Our approach cannot, however, be used to construct a BI action with manifest N=4 supersymmetry since a 4d gauge theory with linearly realized N=4 supersymmetry merely exists in its on-shell version (in N=4 superspace).
The restricted N=2 chiral superfield W is an off-shell irreducible N=2 superfield satisfying the N=2 superspace constraints
where we have used the following realization of the supercovariant N=2 superspace derivatives (with vanishing central charge) [11] :
The first constraint of eq. (16) is just an N=2 generalization of the usual N=1 chirality condition, whereas the second one can be considered as the generalized reality condition [12, 11] which has no analogue in N=1 superspace. A solution to eq. (16) in N=2 chiral superspace (y
where we have introduced a complex scalar a, a chiral spinor doublet ψ, a real isovector
tr( τ D), tr(τ m τ n ) = 2δ mn , and a real antisymmetric tensor F µν as the field components of W , while F µν has to satisfy 'Bianchi identity' [11] 
whose solution is just given by F µν = ∂ µ A ν − ∂ ν A µ in terms of a vector gauge field A µ subject to the gauge transformations δA µ = ∂ µ λ. The N=2 supersymmetry transformation laws for the components can be found e.g., in ref. [11] .
The choice of variables made in eq. (11) was actually dictated by the observation that their N=2 supersymmetric extensions are easy to construct. The well-known N=2 supersymmetric extension of the Maxwell lagrangian A = − 
The Maxwell energy-momentum tensor squared (B) is also easily extended in N=2 superspace to the N=2 supersymmetric EH lagrangian
Note that the gauge-invariant N=2 superfield strength squared, W 2 , is an N=2 chiral but not a restricted N=2 chiral superfield. As is clear from eq. (20), the first component of an N=2 anti-chiral superfield K ≡ D 4 W 2 takes the form
It is now straightforward to N=2 supersymmetrize the BI lagrangian (13) by engineering an N=2 superspace invariant (cf. ref. [8] )
whose 'formfactor' Y(K,K) is dictated by the structure function (15), i.e.
Note that the vector-dependent contributions to the first components of K andK are simply related to A und B as
i.e. they are just the roots of yet another quadratic equation
One easily finds that
The proposed action
does not lead to propagating auxiliary fields due to the peculiar structure of the second term. To verify that eq. (28) is an N=2 supersymmetric extension of the BI action, it is useful to rewrite it in terms of N=1 superfields by integrating over a half of the N=2 superspace anticommuting coordinates. The standard identification of the N=1 superspace anticommuting coordinates,
implies the N=1 superfield projection rule
where | means taking a (θ α 2 ,θ• α 2 )-independent part of an N=2 superfield F (Z). As regards the N=2 restricted chiral superfield W , its N=1 superspace constituents are given by N=1 complex superfields Φ and W α ,
which follow from the N=2 constraints (16) . The generalized reality condition in eq. (16) also implies the N=1 superfield Bianchi identity
as well as the relations 3 We underline particular values i = 1, 2 of the internal SU (2) indices, and use the N=1 notation
together with their conjugates. Eqs. (31), (32) and (33) are enough to perform a reduction of any N=2 superspace action depending upon W andW into N=1 superspace by differentiation,
It is now straightforward to calculate the N=1 superfield form of the N=2 action (28). For our purposes, it is enough to notice that the first term in eq. (28) merely gives rise to the kinetic terms for the N=1 chiral superfields Φ and W α ,
whereas the N=1 vector multiplet contribution arising from the second term in eq. (28) is given by
where the dots stand for Φ-dependent terms. The W -dependent contributions of eqs. (35) and (36) exactly coincide with the N=1 supersymmetric extension of the BI action found in ref. [8] after taking into account that the vector field dependence in the first component of the N=1 superfield K| is given by
and similarly forK |, in agreement with refs. [8, 9] .
A dependence of the N=2 BI action upon the N=1 chiral part Φ of the N=2 vector multiplet is clearly of most interest, since it is entirely dictated by N=2 extended supersymmetry and electric-magnetic self-duality. Let's now take W α = 0 in the N=2 BI action, and calculate merely the leading terms depending upon Φ andΦ in eq. (28). 4 After some algebra one gets the following N=1 superspace action:
where the dots stand for the higher order terms depending upon the derivatives of Y. The field components of the N=1 chiral superfield Φ are conveniently defined by the projections
where P is a real physical scalar, Q is a real physical pseudo-scalar, ψ α is a chiral physical spinor, and F is a complex auxiliary field. It is not difficult to check that the kinetic terms for the auxiliary field components F andF cancel in eq. (38), as they should. This allows us to simplify a calculation of the quartic term in eq. (38) even further by going on-shell, i.e. assuming that 2 φ = F = 0 there, even though it is not really necessary. A simple calculation now yields
which exactly coincides with the leading terms in the derivative expansion of the action
This strongly indicates on a possible six-dimensional origin of our four-dimensional N=2 supersymmetric BI action, which should be derivable by a dimensional reduction from a supersymmetric BI action in six spacetime dimensions by identifying the extra two components of a six-dimensional vector potential with the scalars P and Q.
It follows from eq. (16) that
which implies that the harmonic function Im (D ij W ) is a constant, 5 i.e.
The real constant M can be interpreted as a 'magnetic' Fayet-Iliopoulos term [13] . This term can be formally removed from the constraint (43) by a field redefinition of W , i.e. at the expence of adding a constant imaginary part to the auxiliary scalar triplet D of N=2 vector multiplet in eq. (18). We assume that M = 0 in eq. (43), which can now be enforced by introducing an unconstrained real N=2 superfield
tr( τ L) into the action (28) (cf. ref. [14] ) as
where the N=2 superfield W is merely a chiral (unrestricted) N=2 superfield, while
is the dual or 'magnetic' N=2 superfield strength which automatically satisfies the N=2 constraints (16) Hence, it is self-dual with respect to the N=2 supersymmetric electric-magnetic duality. Of course, the anticipated supersymmetric BI action in six spacetime dimensions cannot be self-dual with respect to the electric-magnetic duality since the dual to a vector is a vector again in four spacetime dimensions only.
It is worth mentioning here that without the generalized reality condition playing the role of a Bianchi identity the N=2 vector potential does not exist, which clearly prevents us from adding any minimal gauge coupling to a charged matter into the first-order action (44). It indicates on the apparent lost of the electric-magnetic duality invariance after adding more fields minimally interacting with the Maxwell field. Similarly, the self-duality property of the BI action seems to be also lost after adding the axion and dilaton couplings resulting from the superstring interactions [6] .
A massless N=2 (Maxwell) vector multiplet may also be considered as a Goldstone multiplet associated with a partial spontaneous breaking of rigid N=4 supersymmetry to N=2 supersymmetry [15] . For instance, the action (28) is obviously invariant under constant shifts of the N=2 superfield strength W , if W is subject to the on-shell condition 2 W = 0. Since the N=1 supersymmetric BI action [8] can be interpreted (and, in fact, also derived) this way [9] , it is quite conceivable that a manifestly N=2 supersymmetric Maxwell-Goldstone action should be equivalent to the N=2 supersymmetric Born-Infeld action. If being true, this would imply a hidden invariance of the action (28) under extra two spontaneoulsy broken and non-linearly realized supersymmetrties. It is then the full (partially broken) N=4 supersymmetry that unambiguously determines the entire N=2 supersymmetric BI action (28). This is clearly in line with the standard interpretation of the effective (BPS-like) D-3-brane which breaks a half of supersymmetries in the type-IIB superstring theory.
